We describe general constraints on the elliptic genus of a 2d supersymmetric conformal field theory which has a gravity dual with large radius in Planck units. We give examples of theories which do and do not satisfy the bounds we derive, by describing the elliptic genera of symmetric product orbifolds of K3, product manifolds, certain simple families of Calabi-Yau hypersurfaces, and symmetric products of the "Monster CFT." We discuss the distinction between theories with supergravity duals and those whose duals have strings at the scale set by the AdS curvature. Under natural assumptions we attempt to quantify the fraction of (2,2) supersymmetric conformal theories which admit a weakly curved gravity description, at large central charge.
The AdS/CFT correspondence [1] provides a concrete framework for holography, where very particular d dimensional quantum field theories can capture the dynamics of quantum gravity in d + 1 spacetime dimensions. A natural question from the outset has been: "which class of quantum field theories is dual to (large radius, weakly coupled) Einstein gravity theories?"
In a recent paper [2] , interesting progress was made on this issue in the particular case of two-dimensional CFTs. The authors of [2] make the plausible assumption that a weakly coupled gravitational theory should reproduce the most basic aspects of the phase structure known in all of the simple examples of AdS/CFT. In particular, as one raises the temperature, there should be a phase transition at a critical temperature (usually taken to be β * = 1 kT * = 2π) between a "gas of particles" and a black hole geometry [3] -the Hawking-Page transition [4] . By requiring that outside a small neighborhood of the critical temperature the thermal partition function should be dominated by BTZ black holes at high T , or the ground state at low T , one finds interesting constraints on the spectrum of any putative dual conformal field theory. Here, we turn our attention to 2d supersymmetric theories. In two-dimensional theories with at least (0, 1) supersymmetry and left and right-moving Z 2 fermion number symmetries, one can define the elliptic genus [5] [6] [7] . We will focus on the special case of (2, 2) supersymmetry in this paper, but we expect that many of our considerations could be suitably generalized. In the (2, 2) case, the elliptic genus associates to a 2d SCFT a weak Jacobi form; detailed knowledge of the space of such forms (see e.g. [8] ) will allow us to make some strong statements about CFT/gravity duality in this case. Prominent cases of such 2d supersymmetric theories in the AdS/CFT correspondence include those arising in D-brane constructions of supersymmetric black strings [9] , where the near-horizon geometry has a dual given by a σ-model with target M N /S N for M = K3 or T 4 . By requiring the Bekenstein-Hawking formula for these black objects to apply in the black hole regime, we derive a constraint on the coefficients of the elliptic genus.
Intuitively, the condition that the CFT elliptic genus exhibits an enlarged regime of applicability of the Bekenstein-Hawking entropy (which turns out to warrant a Hawking-Page transition) hints that there is indeed a weakly coupled gravity dual. In the simplest perturbative string theory constructions of AdS, there are at least three scales of interest -the Planck scale M Planck , the string scale M string , and the inverse AdS radius However, the conditions we impose are also satisfied in some theories where there is no separation of scales between M string and 1 AdS apparent in the elliptic genus. We therefore also discuss further criteria on the coefficients of the elliptic genus which may distinguish between theories with a separation of scales between supergravity and string modes, and theories without such separation.
It is important to keep in mind that our necessary condition serves only as an indicator of whether there might be a weakly coupled gravity dual to some region in the moduli space of the superconformal field theory. In simple examples, the moduli space will have other generic phases characterized by duals with no simple geometric description, and the large radius gravity dual would characterise only a small region of the SCFT moduli space.
However, as the elliptic genus is an invariant calculable (in principle) in this small region, it will have the properties expected of a theory with a weakly coupled gravity description if the SCFT admits such a description anywhere in its moduli space.
This paper is organized as follows. In §2, we review some basic facts about Jacobi forms. In §3, we describe the constraint we wish to place on the Fourier coefficients of these forms, following a similar philosophy to [2] . In §4, we check the bound on various simple constructions: K3 symmetric product orbifolds (which provide some of the simplest examples of AdS 3 /CFT 2 and do satisfy the bound), product manifolds, a family of CalabiYau spaces going off to large dimension, and a symmetric product of the "Monster CFT."
As some of the examples will fail, we see that the bound does have teeth -there are simple examples of (2, 2) superconformal field theories at large central charge that violate it. In §5, focusing on the distinctions between the K3 symmetric product and the "Monster" symmetric product, we discuss the distinction between low-energy supergravity theories and low-energy string theories. In §6, we attempt to quantify "the fraction of supersymmetric theories at large central charge which admit a gravity dual," using a natural metric on a relevant (suitably projectivized) space of weak Jacobi forms. Detailed arguments supporting some of the assertions in the main body of the paper are provided in two appendices.
II. MODULARITY PROPERTIES
We can define the following elliptic genera for any 2d SCFT with at least (1, 1) supersymmetry and left and right-moving fermion quantum numbers. Denote by L n ,L n the left and right Virasoro generators, and F,F the left and right-moving fermion number. The NS sector elliptic genus can be defined via:
It is a (weakly holomorphic) modular form under the congruence subgroup Γ θ , defined in (III.34). Similar definitions apply in other sectors:
Here, q = e 2πiτ where τ takes values in the upper half plane, and we have assumed equal left and right-moving central charges, c L = c R = c.
For the most part, we will consider theories with additional structure, e.g. (2,2) superconformal theories. In fact for any (0,2) theory with a left-moving U (1) symmetry, and so in particular for any (2,2) SCFT, one can define a refined elliptic genus as
Here, y = e 2πiz . The additional symmetry promotes the two-variable elliptic genus into a weak Jacobi form [10] . We will also consider
Note that we could define Z N S,N S as a quantity which localizes on right-moving chiral primaries, but with suitable definition it would give the same function as Z N S,R above. So, while the AdS vacuum appears in the (NS, NS) sector, we will focus on Z N S,R when stating our bounds in §3.
In the cases of interest to us, there is no anti-holomorphic dependence onτ due to the (−1)F insertion, and the elliptic genus is a purely holomorphic function of τ . In fact, much more is true. Using standard arguments one can show that the elliptic genus of a SCFT defined above in (II.5) transforms nicely under the group Z 2 SL(2, Z). In particular, it is a so-called weak Jacobi form of weight 0 and index c/6, defined below. For instance, supersymmetric sigma models for Calabi-Yau target spaces of complex dimension 2m have elliptic genera that are weight 0 weak Jacobi form of index m. For the rest of this paper, we will be considering SCFTs with m ∈ Z, or equivalently c divisible by 6.
Consider a holomorphic function φ(τ, z) on H × C which satisfies the conditions
In the present context, (II.8) can be understood in terms of the spectral flow symmetry in the presence of an N ≥ 2 superconformal symmetry.
and the transformation under (
The function φ(τ, z) is called a weak Jacobi form of index m ∈ Z and weight w if its Fourier coefficients c(n, ) vanish for n < 0. Moreover, the elliptic transformation (II.8) can be used to show that the coefficients
depend only on the so-called discriminant
and r = (mod 2m). Note that D(n, ) is the negative of the polarity, defined in [11] as 4mn − 2 .
Combining the above, we see that a Jacobi form admits the expansion
in terms of the index m theta functions,
Both h m,r and θ m,r only depend on the value of r modulo 2m. However, for some later manipulations we should note that it is sometimes useful to choose the explicit fundamental domain −m < r ≤ m for the shift symmetry in r. When |r| ≤ m we can write:
The vector-valued functions θ m,r (τ, z) transform as
where S, T are the 2m × 2m unitary matrices with entries From this we see that h = (h m,r ) is a 2m-component vector transforming as a weight w −1/2 modular form for SL 2 (Z).
In particular, an elliptic genus (with w = 0) of a theory with central charge c = 6m can be written as
We have written Z r (τ ) for h m,r (τ ) in this expression. Thus Z r (τ ) only depends on r modulo 2m, but again, when |r| ≤ m it is useful to expand:
The function Z r (τ ) can be thought of as the elliptic genus of the r th superselection sector corresponding to the eigenvalue of J 0 = r mod 2m. From the CFT point of view, the r ∼ r + 2m identification can be understood in terms of the spectral flow symmetry of the superconformal algebra. When there is a gravity dual the r → r + 2m transformation corresponds, from the bulk viewpoint, to a large gauge transformation of a gauge field holographically dual to the U (1) R .
Since the Fourier coefficients of a weak Jacobi form have to satisfy c(n, ) = 0 for all n < 0, (II.22)
(which can be thought of as unitarity of the CFT), this leaves open the possibility to have "polar terms" c(n, )q n y with
in an index m weak Jacobi form. These are called polar terms because they are precisely the terms in the q-series of Z r (τ ) that have exponential growth when approaching the cusp τ → i∞. The finite set of independent coefficients of the polar terms in the elliptic genus will play a crucial role in what follows. In what follows we will denote by φ P the sum of all the polar terms in the elliptic genus.
Importantly, the full set of Fourier coefficients of a weak Jacobi form can be reconstructed from just the polar part, φ P . This can be understood through the fact that there are no non-vanishing negative weight modular forms at any level. For discussions of this in related contexts, see [11] [12] [13] . Let us denote by V m the space of possible polar polynomials (without requiring that they correspond to the polar part of a bona fide weak Jacobi form). Given the symmetries of the c(n, ), V m is spanned by q n y in the region P (m) :
By a standard counting of the number of lattice points underneath the parabola 4mn− 2 = 0 in the , n plane [11] , one can give a formula for the dimension of the vector space of polar parts P (m) = dim(V m ):
In this note, where we work at leading order in large m, we will only need the leading behavior of the sum (II.24); this is determined by the elementary formula
Because we are working at leading order at large m (large central charge), we will not need to use the subleading corrections to (II.25) (determined in [11] ). Neither will we need need to deal with the important subtlety that not all vectors in V m actually correspond to a weak Jacobi form. Denoting the space of weak Jacobi forms of weight 0 and index m as
. These facts would become important if one were to extend our results to the next order in a 1/m expansion.
III. GRAVITY CONSTRAINTS AND PHASE STRUCTURE
We will now derive a constraint on the polar coefficients of a SCFT as follows. The polar coefficients determine the elliptic genus, and we will require that the genus matches the expected Bekenstein-Hawking entropy of black holes in the high-energy regime. Happily, we will find that a second (a priori independent) requirement of the existence of a sharp
Hawking-Page transition at the critical temperature β = 2π gives the same constraint on the coefficients.
More precisely, we will be considering infinite sequences of CFTs going off to large central charge, and we will bound the asymptotic behavior of physical observables in such sequences Suppose that φ is the elliptic genus of a superconformal field theory with a large radius gravitational dual. Define the "reduced mass" of a particle state in the dual gravity picture to be the eigenvalue of
namely the quantity −D(n, )/4m for the term q n y in the elliptic genus. Define E red to be the eigenvalue under L red 0 . Then: • Classically, the states with E red > 0 are black holes in AdS 3 . We will discuss their contribution to the supergravity computation of the elliptic genus in detail below.
• In contrast, in the gravitational computation of the elliptic genus, it is the states with E red < 0 which contribute to the polar part of the supergravity partition function [12] .
These are precisely the modes which are too light to form black holes in the bulk. These are the states which appear in φ P .
We now present an argument that constrains the coefficients in φ P using the supergravity estimate of the black hole contribution to the elliptic genus. We treat the elliptic genus as the grand canonical partition function
where τ = i β 2π
and z = −i βµ 2π
are the corresponding variables in the elliptic genus. In other words, we define
To make contact with the usual thermodynamical analysis, we will require β and µ to be real numbers. Let us discuss the supergravity estimate for this in simple steps. See also, for instance, the nice discussions in [15, 16] .
Uncharged BTZ
In calculating the elliptic genus for a 2d SCFT, we restrict to states that are ground states on the right-moving side, but with arbitrary L 0 . These correspond to extremal spinning black holes in the 3d bulk, with vanishing temperature T = 0.
We can calculate the entropy of these black holes using the standard properties of black hole thermodynamics [17] . We will work in units where AdS = 1. The inner and outer horizons coincide for the extremal geometries, and are located at
The entropy is given by
Finally, the central charge of the Brown-Henneaux Virasoso algebra is related to G by
Combining, we get
If we were to include Planck-suppressed corrections to the black hole entropy, we expect no fractional powers of M Planck to appear in the corrected formula, but corrections which involve log(M Planck ) can appear. This translates into O(log c) corrections, but no power-law in c corrections, to the entropy.
The black hole mass M is identified with the eigenvalue of L 0 − c 24
, which we will denote as n. This means that the degeneracy of states of the elliptic genus c n goes as
This is the familiar Cardy-like growth. As we are interested in studying families of CFTs asymptoting to the large central charge limit, we would like to know about the behavior at fixed n as c → ∞. For this purpose, the more informative expression would be
As an aside, let us discuss the validity of the above equation. The above derivation of the black hole contribution to the partition function is valid whenever the radius of the black hole is large in Planck units. The first BTZ black hole appears at a mass ∼ M Planck , and we see from (III.4) that its radius will already be quite large -of order AdS , or O(c) in Planck units. We then expect the semi-classical entropy formula to be valid for even very light black holes at large c. This is one way to understand the characteristic Cardy-like growth of the number of states of CFTs with gravity duals, even outside the usual range of validity of the Cardy formula that is guaranteed by modular invariance alone.
Writing the elliptic genus now as
we can ask the question: at fixed τ (where
is the formal "temperature" variable; not to be confused with the temperature of the black hole, which is zero), what value of n dominates the sum? This is solved using standard saddle point approximation methods.
The derivative of e 2π √ cn 6 e 2πiτ n vanishes when
or equivalently
Thus we get
Using the famous relation F = E − T S, and recalling that the temperature of the black hole is 0, we therefore get
(III.14)
We were careful to write β here to distinguish from the physical T = 0 of the extremal black holes contributing to the genus. (While the torus partition function at a given τ would correspond to a thermal ensemble, the elliptic genus is only counting extremal states and the temperature represented by Im(τ ) is fictitious.)
Adding Wilson lines
Now we turn to the elliptic genus, a refinement of the above discussion which keeps track of U (1) charge.
In the bulk, the existence of the U (1) R symmetry of the dual (2,2) SCFT is manifested in the presence of Chern-Simons gauge fields. First, let us discuss the expected effect heuristically. By adding a U (1) Chern-Simons gauge interaction at level k, we add to the action the following boundary term
For a BTZ black hole, the angular direction in the 2d spatial manifold (which we shall call the φ direction) is non-contractible, so we allow A φ to be nonzero.
We thus shift the action by a term proportional to A 2 . This will add a term that goes as µ 2 to the free energy so we will get something like
Finally, for a (2,2) SCFT with k determined by the central charge and hence the index m, we will have
Now, let's be more explicit. The entropy of the black holes we are considering is given, in general, by [18] 
where n is the eigenvalue under L 0 − c 24
, and is the J 0 eigenvalue. Now, again, we write the degeneracy
)) , (III. 19) or following the analogous discussion above
and the elliptic genus can be written as
This has a saddle when
Rewriting, the dominant saddle occurs at
Thus, we get the free energy as
Identifying this free energy with − 1 β logZ gives us the behavior of the elliptic genus.
However, we need to be sure that the supergravity derivation is valid -i.e. that the configurations we included correspond to reliable and dominant saddle points. Reliability follows if the black hole is large in Planck units, which works for any E red > 0 at large c. We also require that the black hole saddle be the dominant one. This will be true for any β < 2π
at very large m. For β > 2π, instead the "gas of gravitons" dominates, and (III.24) is not the appropriate expression for the free energy. Finally, in a tiny neighborhood of β = 2π, the free energy crosses from the value for the gas of gravitons to the value characteristic of black holes above; this is a regime where "enigma black holes" play an important role, and cannot be characterized in a universal way. In known microscopic examples of AdS 3 /CFT 2 , these are small black holes (localized on the transverse sphere) of negative specific heat (see e.g. [19, 20] for discussions).
Next we will derive constraints on the low-temperature expansion -and in particular the polar coefficients -from these results of black hole thermodynamics.
Bounds on polar coefficients
After these physical preliminaries we are ready to derive the main result of this paper.
This result will follow (given appropriate physical assumptions) by combining modular invariance with the physical requirement that Z(β, µ) has large m asymptotics given by
for all real (β, µ) such that 0 < β < 2π. Recall from equation (III.3) that Z(β, µ) is just the elliptic genus Z N S,R (τ, z) evaluated for τ = iβ/2π and z = −iβµ/2π. Now we write out the modular property:
We make a few elementary manipulations: 
Combining (III.26) and (III.27), we get
where in the last line we have used the substitutions τ = iβ 2π
and z = − 
In order to turn this into a more useful statement we next introduce another physically motivated hypothesis -the "non-cancellation hypothesis." This hypothesis states that the leading order large m asymptotics is not affected if we replace the terms in the expansion of Z N S,R above by their absolute values 50 . Given the noncancellation hypothesis none of the terms in the sum can get large, and hence we arrive at the necessary condition:
= O(log m) for all β < 2π and k = r mod 2m.
(III.30)
The strongest bound is obtained by taking the limit as β increases to 2π from below, yielding:
We can write the bound simply in terms of coefficients c(n, ) where 0 ≤ ≤ m; the rest of the coefficients will be determined from this subset via spectral flow and reflection of . We then get the bound
2 ) c(n, )| can grow at most as a power of m for m → ∞. In addition to these conditions, the bound should not be saturated by an exponentially large number of states.
We conclude with a few remarks.
1. To be fastidious, the bound (III.32) applies to any family C (m) of CFTs with a weakly coupled gravity dual, together with a sequence (n(m), (m)) of lattice points such that the sequence of elliptic genus coefficients c(n(m), (m); C (m) ) has well-defined large m asymptotics.
2. The O(log m) error term in the exponent can be understood in various ways. Perhaps the most enlightening physically is that it can be directly connected (via modularity)
to the M Planck suppressed corrections to the black hole entropy in the β < 2π regime. . This follows because our saddle point approximation is only self-consistent when β < 2π in this range of energies. While it may seem naively that the large c behavior of the free energy would guarantee this formula also for
, this is not the case. Because there is a jump of O(c) in the energy in a small neighborhood of β = 2π, in this window O(1) contributions to the free energy (which we've neglected in the large c limit) could lead to significant changes in E red ; our formula for S(E red ) is then unreliable. It becomes reliable once one reaches the stable range of energies E red > c 24
. For further discussion of this issue, see [2] as well as [19, 20] .
B. On the Hawking-Page transition
In what follows we will present an alternate derivation of (III.32) by insisting on a sharp
Hawking-Page phase transition near β = 2π (in the limit of large central charge) in the NS-R sector. The sharp transition is not a surprise. It is expected from general properties of the AdS 3 /CFT 2 duality (and in particular, from the existence of light multiply-wound strings which can lower the free energy once β < 2π, in known microscopic examples [ §5.3.2,
14]).
Recall that the NS sector elliptic genus has a q-expansion of the form
From the modular properties of Z RR (τ, z) we see that Z N S,+ (τ ) is invariant under the group
which is conjugate to the Hecke congruence group Γ 0 (2).
Clearly, it satisfies at the lowest temperatures
To have a phase dominated by the ground state until temperatures parametrically close to β = 2π at large central charge c = 6m, one requires:
Again, this can be viewed as an asymptotic condition on a family of CFTs which has a weakly curved gravity dual at large m: the limit as m → ∞ of 1 m log Z N S,+ for any β > 2π exists and asymptotes to 1 4 β.
The size of the sub-leading terms in (III.36) requires some discussion. In fact, just for the purpose of having a phase transition at β = 2π in the large c limit, it is possible to relax the condition of strict ground state dominance and to allow logZ N S,+ (β) = we shall not pursue the slight generalization to δ = 0 in the present paper -the requisite modification of the analysis can be implemented in a relatively straightforward way.
A sufficient condition for (III.36) to be true is that |c(n, )q m 4 +n+ 2 | ≤ e mβ/4 for a number of terms which grows at most polynomially in m. If we invoke the noncancellation hypothesis we can also say that a necessary condition is:
If we combine this statement with the spectral flow property c(n, ) = c(n+s +ms 2 , +2sm) for all integers s we can get the best bound by minimizing with respect to s, subject to the condition that s is integer. Combining with reflection invariance on it is not difficult to show then that the best bound is
where (n, ) is related to (n 0 , 0 ) by spectral flow and reflection and 0 ≤ 0 ≤ m. This is the same condition we have derived to reproduce Bekenstein-Hawking entropy (III.32).
The above phase transition corresponds to moving between Im(τ ) = 1 − and Im(τ ) = 1+ with Re(τ ) = 0 between two specific copies of the fundamental domain of Γ θ . See Figure   1 . In the Euclidean signature, other saddle points corresponding to analytic continuation of the BTZ black holes are also believed to be relevant [12, 21] , and one is led to a stronger prediction for a phase diagram requiring an infinite number of different phases corresponding to pairs (c, d) of co-prime integers with c ≥ 0, c − d ≡ 1 (mod 2) (see [12] and [22, §7.3]) 51 .
One should then obtain a phase structure which divides the upper half-plane into regions dominated by the various saddle points labelled by different values of (c, d). This corresponds to a tessellation of the upper-half plane by Γ ∞ \Γ θ where Γ ∞ is the group generated by T 2 , coinciding with the intersection of Γ θ and T . This tessellation is drawn in Figure 1 with the thick lines. We discuss the derivation of this phase diagram in detail in Appendix A, and show that in each region, one has a phase transition at the thick line in Figure 1 which is similar in nature to our transition between thermal AdS dominance and the black hole regime. 
IV. EXAMPLES
In this section, we discuss how the elliptic genera of various simple CFTs -σ-models with targets Sym N (K3), product manifolds (K3) N , or Calabi-Yau hypersurfaces up to relatively high dimension d -fare against the bound. Somewhat unsurprisingly, the first class of theories passes the bound while the others fail dramatically, exhibiting far too rapid a growth in polar coefficients [23] . We close with a discussion of Sym N (M), with M the Monster CFT of Frenkel-Lepowsky-Meurman. This example proves a useful foil in contrasting theories with low energy supergravity vs low energy string duals.
The first example is one which we expect to satisfy the bound, and serves as a test of the bound. A system which historically played an important role in the development of the AdS/CFT correspondence was the D1-D5 system on K3 [9] , and the duality between the σ-model with target space (K3) N /S N and supergravity in AdS 3 was one of the first examples of AdS 3 /CFT 2 duality [1] . See also [47] for a more detailed analysis.
The elliptic genus of the symmetric product CFT was discussed extensively in [25] . One can define a generating function for elliptic genera
which is given by [25] as
The coefficients c X (n, l) are defined as the Fourier coefficients of the original CFT X,
If we are interested in calculating the O(q 0 ) piece of the elliptic genus of Sym N (X), we can set n = 0 in (IV.2), giving
When X is the sigma model with Calabi-Yau target space (which we also call X), the above is, up to simple factors, the generating function for the χ y -genus of Sym N (X).
The most polar term of Sym N (X) is given by y mN where m = dim C X/2 is the index of the elliptic genus of X. This is the coefficient of y mN p N in (IV.2), which only receives
By calculating the coefficient of p N y N m in (IV.5) we get For Calabi-Yau manifolds X with χ 0 = 2, we have c X (0, m) = 2 so the two most polar terms simplify to
(IV.9)
For the special case of X = K3, we have m = 1 and c X (0, 0) = 20, so the penultimate polar piece grows as 22N − 2.
We can do a similar calculation to find the coefficient in front of y N −x for Sym N (K3) with x > 1. We find the asymptotic large N value for the coefficient, presented in Table   I . In Figure 2 , we plot the polar coefficients of Sym 20 (K3) against the values allowed by the bound. Although some very polar terms exceed e
) in (III.32), the deviation is of the order O(log N ) in the exponent, which is allowed in our analysis. For terms with polarity close to zero, the O(log N ) corrections are less important, and we see that the bound is subsaturated as expected.
The fact that Sym N (K3) satisfies our bounds is part of a more general story -in fact all symmetric products will satisfy this bound, regardless of the "seed" SCFT. This follows from the general class of arguments presented in [2, 23] .
The most obvious families of CFTs that "should" fail any reasonable test for having a (weakly coupled) gravity dual are given by tensor products of many small c CFTs. Here, Figure 8 . as a foil to Sym N (K3), we describe the results for the product (K3) N . Not surprisingly, it fails to satisfy the bounds. We will use the fact that
For concreteness, we look at the χ y genus of K3 N . Since and y terms in (IV.11).
However, even the underestimate violates the bound (III.32) of
To visualize the violation we plot the polar coefficients of K3 20 against the bound in Figure 3 .
Note that the violations are not of the order O(log N ), and (III.32) is clearly not satisfied.
We conclude with a few remarks about examples similar to the above:
1. We cannot rule out all product manifolds using this method. For instance, the elliptic genus of T 4 is zero, which means that products of T 4 will surely satisfy the bound, having a vanishing elliptic genus. The vanishing is due to cancellations arising from 
C. Calabi-Yau spaces of high dimension
To provide a slightly more nontrivial test, we discuss the elliptic genera of Calabi-Yau sigma models with target spaces X We have chosen these as the simplest representatives among Calabi-Yau manifolds of dimension d; as they are not expected to have any particularly special property uniformly with dimension, we suspect this choice is more or less representative of the results we could obtain by surveying a richer class of Calabi-Yau manifolds at each d. In any case we will settle with one Calabi-Yau per complex dimension. Since m = d/2, and we have been assuming m is integral, we restrict to even d.
The elliptic genus for these spaces is independent of moduli, and can be conveniently computed in the Landau-Ginzburg orbifold phase. This yields the formula [10]
(IV. 16) Many further facts about elliptic genera of Calabi-Yau spaces can be found in [29] . simply by topological invariants:
so the coefficient in front of y m−1 is
We know h 1,d−1 is given by the number of complex structure parameters of the hypersurface, or 
To satisfy the bound, we need c 
D. Enter the Monster
We now discuss a theory which passes our bounds but seemingly exhibits no supergravity regime -instead exhibiting a Hagedorn degeneracy of states already at low energies. We have benefited immensely in thinking about this theory from the unpublished work of Xi Yin.
A c = 24 CFT with Monster symmetry was constructed many years ago by Frenkel, Lepowsky, and Meurman [30] . Let us call the non-chiral CFT with Monster symmetry M.
In this section, we wish to consider the symmetric products Sym N (M). As M has no moduli, there is a unique partition function canonically associated with this theory, and we will consider the chiral partition function instead of the elliptic genus in this section.
This requires a word of explanation. While the elliptic genera we've considered are related to non-chiral CFTs with conventional AdS gravity duals (in favorable cases), a chiral CFT can never have a conventional Einstein gravity dual. However, as explained in [31, 32] , there are candidates for chiral gravity duals to holomorphic CFTs. See also [33] and references therein for a more detailed discussion on these theories. In this sense, we can consider the partition functions which follow as (candidate) duals to (a suitably defined theory of) chiral gravity (coupled to suitable matter).
Using the formula for the second-quantized partition function [25] , along with the famous denominator identity due to Borcherds [34] :
where p = e 2πiσ and q = e 2πiτ and J(τ ) = q −1 + ∞ n=1 c(n)q n , one can write the generating function:
For large Im(τ ) the infinite sum only converges for Im(σ) > Im(τ ), while for small Im(τ ) the infinite sum only converges for Im(σ + . Using 1 2πi 27) this naive contour deformation yields:
Here, P 2 (q −N −1 ) is the weight 2 Poincaré series of q −N −1 .
52
Because
all of the modes which provide the low-energy spectrum (i.e., the states which are not black holes) are visible in the expansion of
It now follows from the fact that c/24 = N and the structure of P 2 that we can find the modes at energies below the black hole bound just from expanding F . Writing
a 1 is the ground-state contribution and the higher a k count the excited states visible in the partition function (until one reaches the threshold to form black holes).
One can extract the k th coefficient via the contour integral
(IV.32)
As η(τ ) has no poles, E 4 has a simple zero at τ = e 2πi 3
with no other zeroes, and E 6 has a simple zero at τ = i with no other zeros, we can now evaluate (IV.32) explicitly.
The pole at τ = i provides the dominant behavior of the integral for k 1. One finds 33) and hence in the regime 1
, the Sym N (M) theory has a degeneracy of polar states governed by a n ∼ e 2πn .
(IV.34)
One can view this as satisfying an analog of the bound (III.32) for chiral gravity. In harmony with this, the singularity of (IV.25) at σ = τ and at σ = −1/τ should come from the N → ∞ limit of the partition functions, and this strongly suggests that the partition functions Z(Sym N (M); τ ) exhibit the expected Hawking-Page first order transition (as indeed follows from the general results of [23] ), that is, the large N asymptotics at fixed pure imaginary τ is given by:
whereq := exp(−2πi/τ ). Here κ 1 , κ 2 are constants we have not attempted to determine.
The growth (IV.34) exhibits a Hagedorn spectrum, hinting that if there is a holographically dual theory it must be a string theory with string scale comparable to the AdS radius.
V. STRING VERSUS SUPERGRAVITY DUALS
We have just seen that some theories with a low-energy Hagedorn degeneracy # of states at energy n ∼ e 2πn , 1 n c 24 (V.1) still satisfy our bounds. This might indicate that such theories are low-energy string theories -there is no parametric separation of scales evident between the emergence of a Hagedorn degeneracy and some other set of low-energy modes with well-defined asymptotics (which could serve as a proxy for supergravity KK modes) 53 . This is to be contrasted with the growth of states exhibited by a supergravity theory in d spatial dimensions, in the regime where the supergravity modes have wavelengths shorter than any scale set by the curvature. The gravity modes then behave, to leading approximation, like a gas of free particles in d dimensions. The energy per unit volume scales
while the entropy per unit volume scales as
Hence, in such a theory, one expects (simply from dimensional analysis) that
in the regime dominated by supergravity modes. For instance, in the canonical AdS 5 × S 5 solution of IIB supergravity, there is a supergravity regime with E 9 10 growth of the entropy as a function of energy [14] .
For AdS 3 × S 3 × K3 compactifications where the K3 is much smaller than the S 3 , one would expect a 6d supergravity regime to occur at low energies. We now provide some simple analytical and numerical arguments demonstrating that the growth is indeed sub-Hagedorn.
Related discussions appear in [35, 36] . The naive "gas of particles" analogy discussed above, for polar terms, would suggest a growth of e const×n 5/6 . One can get slower growth, however, due to cancellations in the supergravity modes which contribute to the elliptic genus. We also note that at g string 1, there would be a regime of energies in the full physical theory exhibiting a Hagedorn degeneracy of string states. These do not, however, contribute in the elliptic genus. states by n as above, we must have Table I. for α < 1 which correspond to states parametrically below the Planck mass in the NS sector as N → ∞. Relabelling gives us a n < e We therefore find states parametrically lighter than the Planck mass with a subexponential growth of states. Note that there may be other states at the same energy level that we neglect due to only considering O(q 0 ) terms in the elliptic genus. However, as we expect the entropy to be a function of polarity up to small corrections, taking terms with positive powers of q into account would only multiply our expression in (V.9) by some polynomial factor without changing the leading order.
Because we expect the only relevant scales (other than supergravity KK scales) to be the string scale and Planck scale, and we do not get stringy growth in this regime, we expect subexponential growth throughout the polar terms. We now provide further (weak) numerical evidence in favor of this hypothesis. We include a plot of the normalized coefficients of y N −x for x = 1, . . . 40 in the large N limit in Figure 8 (these numbers do not change past some N since they only involve twisted sectors of permutations of some fixed length).
These examples suggest a criterion that distinguishes between theories with low-energy Einstein gravity duals as opposed to low-energy string duals, with the usual qualifier that cancellation is possible in an index computation. Writing
theories with α < 1 are likely to have a range of scales at low energy where supergravity applies, while theories with α = 1 are evidently string theories already at the scale set by the curvature. We note that similar issues have been discussed, in the context of the duality between AdS 4 gravity and CFT 3 , in the interesting paper [37] .
VI. ESTIMATING THE VOLUME OF AN INTERESTING SET OF MODULAR FORMS
In this section we use (III.32) to try and quantify a lower bound on the "fraction of large m superconformal field theories which may admit a gravity dual." Our approach will be to ask: "How special is the class of weight zero, index m Jacobi forms corresponding to such superconformal theories?" As we have seen, thermodynamic arguments constrain the growth of the polar coefficients provided there is a physically reasonable gravitational dual, so the problem reduces to quantifying "what fraction" of all possible polar coefficients corresponds to the theories with gravitational duals.
Since the Jacobi form is completely determined by its polar coefficients, the map from CFTs to elliptic genera can be viewed as a map from the space of (0, 2) field theories to a subset E ⊂ Z j(m) . Now, there is a natural metric on the moduli spaces of conformal field theories, namely, the Zamolodchikov metric [38] . The moduli space of such theories, with a fixed central charge c, is a union of connected components α M (c) α . It was suggested some time ago that, at least for the space of (2, 2) superconformal theories, the total Zamolodchikov
α ) should be finite. This was based on physical arguments [39, 40] . For the case of components arising from Calabi-Yau manifolds it has been shown that indeed vol (M (c) α ) is finite. (See [41] and references therein for the mathematical work on this subject.) The finiteness of V (c) would allow us to define a measure on the space of (2, 2) theories of a fixed central charge and thereby to quantify statements of "how often" a property is exhibited in a natural way. We will assume that V (c) is in fact finite 54 .
Using the push-forward measure under the map to the polar coefficients of elliptic genera we obtain a natural measure on the space E of polar coefficients. Unfortunately, our present state of knowledge of conformal field theory is too primitive to evaluate this measure in great detail, but to illustrate the idea, and some of the issues which will arise, we will sketch two toy computations.
For our first toy computation we consider the pushforward to a measure on Z + for the absolute value of the extreme polar coefficient of the elliptic genus. We denote this by
for a (2, 2) CFT with c = 6m. Now e is multiplicative on CFTs,
We would also like to say the same for the volumes:
but this is in general not the case. A simple counterexample is provided by conformal field theories with toroidal target spaces. Nevertheless, for ensembles such as theories based on generic Calabi-Yau manifolds the volume is multiplicative, because the relevant Hodge numbers are additive. We will refer to an ensemble of CFT's for which (VI.3) holds as a multiplicative ensemble and here we restrict attention to such ensembles. Extending our discussion beyond multiplicative ensembles is an interesting, but potentially difficult, problem. In order to make this slightly more concrete let us restrict even further to the the ensemble of (4, 4) theories generated by taking products of the symmetric products of K3 sigma models, such as
We will call this the K3-ensemble and it is a multiplicative ensemble of CFT's. In this ensemble the prime CFTs are simply the symmetric products Sym n (K3). For Sym 1 (K3) the moduli space M 1 is the famous double quotient
with Γ ∼ = II 4 ⊕ E 8 ⊕ E 8 , while for N > 1 the moduli space is [47, 48, 49] 
with Γ a lattice of signature 4, 21 determined in [49] . The four "extra moduli" in (VI. (Correctly normalizing the operator O can be a confusing point. To see that our choice is the correct one, note that it is similar to the fact that the energy-momentum tensor of the symmetric product theory is given by T = T (1) + · · · + T (N ) .) Therefore the Zamolodchikov metric on M N is N/2 times larger than that on M 2 . Therefore we can say that there are positive constants v, w such that
where
The Zamolodchikov volume vol(M ) of the ensemble of models (VI.8) is simply given by
Now, to get the measure for a fixed extreme polar term we noted above that e(Sym n (K3)) = n + 1, (VI.13) so the extreme polar term of the elliptic genus of (VI.8) is just the product:
(VI.14)
Therefore, our general formula specializes to
where ξ(s; M ) defines the conditional volume as in (VI.6) and the measure for the extreme polar term is given by (VI.7), above.
Determining the numerical values of the constants v, w used above is a very interesting problem in number theory. This will be discussed in a separate paper, along with some applications of the function ξ(s; M ) to the central issue of this paper.
55 It would also be very interesting to extend the above discussion to the ensemble of all (4, 4) The above discussion is our first toy computation. Given our poor knowledge of the moduli space of conformal field theories we will resort to a second toy computation. We hope it proves instructive. We enumerate the polar coefficients c(a) by decreasing discriminant like the answer, we suspect the answer is that it does not.)
The volume element for the unit radius RP N in affine coordinates [1 :
Now we consider the subspace of the affine coordinate patch with
R(a) is a bound which is supposed to come from physics. One reasonable guess is
Note that this is imposing (III.32) without allowing an O(log m) correction. Concretely, we are interested in the fraction
(VI. 19) in the limit N → ∞.
In Appendix B, we show that in the limit of large N ,
We actually view this as a good indication that the Fubini-Study measure is not a good surrogate for the Zamolodchikov measure. On general grounds, one actually expects theories with weakly coupled gravity duals (even characterizing some small region of their moduli space) to be rare creatures.
In general CFTs, the number of excited states at large energies n grows like e 2π √ c 6 n by the Cardy formula. Hence a measure which was based on "expecting" there to be a small number of states in that regime would clearly be incorrect. While one cannot use Cardy's result in the energy range characterizing polar coefficients, it seems suspicious that our measure "expects" the fewer polar coefficients -related to states with high energy, though below the black hole bound -to be close to 0. In fact, one might expect that in a random SCFT, the polar coefficients typically grow fairly rapidly with decreasing polarity.
In such a case, it would be more difficult for them to lie within the polydisc specified by our bounds. Finding a modified volume estimate (or attaching a plausible physical meaning to our present estimate) will have to remain a problem for the future. 
We would like to know which term in the elliptic genus, i.e. which pair (n, ), contributes the most to the sum in (A.1) with a given pair (c, d). First, focusing on the exponential factor in (A.5), using that Im As a result, assuming that the exponential factor in (A.6) is the dominating factor and ignoring for the moment the regularization factor, one concludes that in each region in the upper-half plane given by the tessellation by Γ ∞ \Γ θ there is a unique pair (c, d) that dominates and this corresponds to the infinitely many phases of 3d quantum gravity. To see this, notice that
whenever τ ∈ Γ ∞ F is in the (interior of the) fundamental domain
of Γ θ or any of its images under the translation τ → τ + 2n, n ∈ Z. See Figure 1 .
Next we would like to discuss the conditions under which that the term with (n, ) = 
for all co-prime pairs (c, 
for all k ∈ Z, we can write (A.7) as
where k = 
(B.1)
in the large N limit where N + 1 is the number of polar terms of a Jacobi form of index m.
As an example, let's consider m = 2. We will later switch to the large m limit. There are only two polar terms: y 2 and y 1 so N = 1. We normalize the y 2 coefficient to 1, and the coefficient for y 1 parametrizes RP 1 (the "point at infinity" corresponds to a y 2 coefficient of 0, but this has measure zero). integrals with limits −e kπ to e kπ (see Table II ).
An Upper Bound
In this section we will derive an upper bound on f N of 0. Thus, we can always take extra integrals to ∞ and we will get a strictly bigger value. No matter how big N is, we will always have an integral with limits −e π to e π (coming from ) .
A Lower Bound
Now we will show a lower bound of 0.9699 through a series of inequalities. Again we use the same convention of unlabelled limits of integration dξ i being from −e ) . We write this as a fraction of RP N instead of RP 1 by using (B.4) to add the remaining N − 1 integrals from −∞ to ∞ and change the prefactor.
In more detail, let's take the first term (i = 1) in the sum in the right hand side of (B.7).
That term, in the large N limit, is which is exactly the region outside −e π < ξ 1 < e π in RP N . However, the left hand side of (B.7) is RP N with the region
Thus, (B.7) is satisfied by using the fact that the complement of the intersection is less than the sum of complements. We illustrate this for N = 2 in Figure 9 using a diagram by the famous Dr. John Venn. Here, we show an image from Dr. John Venn [42] . The LHS of (B.7) for N = 2 is represented by the white, blue, and red parts. The RHS is the sum of two terms: blue and white, and red and white. Thus, the sum is greater the the LHS.
Plug into (B.6), to get:
In the large m limit, the first terms look like 50 Since Z N S,R is modular this again can only be valid in a distinguished set of expansions around cusps, and we take it to apply to the expansion in (III.28).
51 Reference [12] erroneously claimed the phase diagram would be invariant under P SL(2, Z).
However the argument given there is easily corrected, and it predicts a phase diagram invariant under Γ 0 (2) for the NS-sector genus considered there. For further discussion see Appendix A.
52 This Poincaré series requires regularization, indicating the above contour deformation argument is subtle. A standard procedure for obtaining a well-defined Poincaré series is described in detail in many places. See, for examples, Section 4 of [13] or Section 2 of [43] . As explained in those references, the modular anomaly of the series P 2 (q −N −1 ) is expressed in terms of a period of a weight zero cusp form. Since no such nonzero cusp form exists we conclude that P 2 (q −N −1 ) is in fact modular, as is required by modularity of Z(Sym N (M); τ ).
53 Two subtleties could invalidate the considerations of this section. In one direction, cancellations between terms in a partition function could lead to subexponential growth of coefficients when in fact the entropy grows exponentially. In the other direction, when considering the entropy at finite volume it can happen that the entropy grows exponentially with energy, even though the theory is not a string theory. For an example, see Section 7 of [44] .
54 D. Friedan has proposed a mechanism by which such a probability distribution might in fact be dynamically generated from more fundamental principles [45, 46] . 55 For further details, see https://www.perimeterinstitute.ca/video-library/collection/ mock-modularity-moonshine-and-string-theory.
